BOUNDS FOR CERTAIN SUMS; A REMARK ON
A CONJECTURE OF MAHLER

BY
WOLFGANG M. SCHMIDT

1. Introduction. The main part of this paper consists in a proof of the
following

THEOREM 1. Let
0, 3) = (2" + Quar(®2* 1 + - - - + Qo)

be a polynomial in x, y with integral coefficients. Write m for the degree of Qu(y),
d for the total degree of Q(x, y), and let H=1, p>1/3 be real numbers. Assume

(1) n21,3mzn+3;, wpzl,m2zl,
and assume

2 Qx,9) — &

has no rational linear factor if k0. Then

®) > | 0z, ) |» < va, .

lz|sH,lylsH;Q(z,y) 0

The sum is taken over integers x, ¥, and the constant vy, does not depend on the
coefficients of Q(x, ¥), except on the degree d.

REMARK. Examples of the type Q(x, ¥) = (x2—9)G(x, y) —1 show that the
exponent 2/3 in (3) cannot be replaced by a constant less than 1/2.

By P=P(x) =a.x*+ - - - 4+ao, we denote polynomials in x of degree n
and with integral coefficients. Define H(P) by
H(P) = max (| aa|, - -, | a0)),

and write D(P) for the discriminant of P.

THEOREM 2. Let p>1/3 be real and assume

4) nz3, (n—1)p==1.
Then
) ) | D(P) |-+ < 8, B 113,

P;H(P)sH;D(P)»0
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REMARKS. Only the bound H*+! is trivial; the bound H* was given in [3].
Our result is probably far from best possible. For =2, the bound H follows
easily from the methods of [2](Y).

In Mabhler's classification of transcendental numbers {, numbers 6,({)
(n=1, 2, - - - ) are defined as follows: 8,(¢) is the least upper bound of the
set of real numbers o such that there exists a sequence of polynomials
Py(x), Py(x), - - - of degree n and different from each other, satisfying

| P)| < BH(P)™ G=1,2---).

Mahler [6] conjectured 6.(¢) =1 almost everywhere. It is known that
0.(f) 21 a.e. (see, for instance, [7, p. 69]).6:(f) =1 a.e. follows from a theorem
of Khintchine [4], 8:(¢) =1 a.e. was proved in [5; 1; 2; 9], 6:(¢) =1 a.e.
has recently been proved by Volkmann(?). The best estimate so far for arbi-
trary n was 0,(§) <2—2/n a.e. (n22), and had been obtained by Kasch-
Volkmann [3].

THEOREM 3. Assume n =3 and suppose 7 is a real number such that
(6) z | D(P) |12 = (&)
P;H(P)sH; D (P)»0

Then )
6.(¢) =1+ A almost everywhere.
n

Combining Theorems 2, 3 we obtain
THEOREM 4.
0,(8) £2—17/3n ae. (n=3).

2. Two lemmas. We first give a short proof of the following result of
Kasch-Volkmann [3].

LEMMA 1. To any n=1 and any p>O0, there exists a constant vy such that

yH'™ ifnp < 1,
(7) 2 | PG@) |- < {vlog H ifnp =1,
2l SH; P(2)=0 Y iFup>1
for any P.
Proof. Write P(x) =an(x—a1) - - - (x—an)and puta/ =Re; (1=1, - - - ,m)
and
()= min |x—al].

i=1l,...m

(Y) Added in proof: H. Davenport in a paper to appear in Mathematika gives the bound
OH®) if n=3, p=1/2.
(2) According to a letter to the author.
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Since an inequality of the type k < (x) <k+1 has at most 2n integral solutions
x, since there are at most 2H+1 integers x in | x| < H, and since the function

g(k) =k—* is decreasing, we obtain
2H+1

.(8) > {ay™S2m Y k.

Izl sH; (2)21 k=1

There are at most 27 integers x having (x) <1, hence their contribution to the
sum (7) is at most 2#. A bound for the remaining sum is furnished by | P(x)|
2 (x)" and (8), whence the result.

LEMMA 2. Assume the integers n, m and the real p>1/3 satisfy (1). Define
a sequence v, v1, -+ by
) vo = 2/3 — (4mp)7",
(i) vi = mnYy + (2np — 1)(3np)? G=1,2---).

Then the elements of the sequemce are positive and increasing. The sequence
either tends to infinity or it has a finite limit larger than 1.

Proof. We have »,>0 and
v = mn~1(2/3 — (4mp)™") + (2np — 1)(3np)~!
= 2/3 + (2mp — 3/4 — 1)(3np)™!
> 2/3 > v
The sequence is increasing because v;—1 <»; together with (ii) implies v; <wy1.

If m=n, then the sequence tends to infinity and the lemma is true. As-
sume therefore m <zn. Then there exists some » such that

) mn~w + (2np — 1)(3np)~! = ».

Clearly, mn—'K+ (2np—1)(3np)~'K <K if v <K. Using this property of v as
well as the fact that the sequence is increasing, we see that the sequence is
bounded by » and hence has a limit. Because of (9), the limit equals ». Solving

(9) we find
v= (2np — 1)(3np — 3mp)™,

and 3Im>n+p~1, Imp>np+1, 2np—1>3np—3mp gives v> 1.
Let ¢ be the smallest integer with »,21. Putting

(10) pi=v;—2/3 G=1,2---),
we obtain
0<um <+ <p1<2/3 =y,
(11) pi = mnwi_; — (3np)! G=1,2---),
npu; — mpvi = — 1/3 i=1,2.-).

Write
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(12) Qn(y) = l(}' - Bl) ¢ (}’ - ﬂm)’

(13) 0, 3) = @) (x — a1() * - - (x — an(y)) if Ou(y) = 0,
and put ! = RB;, &/ (y) = Ra;(y) and

(14) {y} = _min ly — 8L,

(15) {sly} = min |z-a/G)].

We split the sum (3) into ¢+2 parts Y00, 20, 2.1, * * *, 2., Where

3" consists of the terms of the sum where {y} = 0,
00

> consists of the terms with 0 < {y} < Hr,

0

> (j=1,---,t— 1) consists of the terms with B+ < {y} < H",
i

> consists of terms satisfying H—1 < {y}.
t

Each of the sums Y_; (j=1, - - -, £) will be split into three parts i, >,
3" where the pairs (x, ) involved satisfy

pIE {=|y} 21

Z‘;,: H+ < {z]|y} <1
2 {x] 9} < H».

J3

3. Bounds for Zoo, Eo, i D

LEMMA 3. D o0=O0(H?7).

More explicitly, Y 0 <vH?? where ¥ depends on d and p only. In all the
equations of this section and the next, the O-symbol is to be understood in
this way.

Proof. { y} =0 is equivalent with Q.(y) =0. There are at most m integers
y with Q.(y) =0. For given y, having Q.(y0) =0, there are two alternatives.
Either Qn1(y0)= - - - =Qi(30) =0, or there exists some k=1 such that
Oa(y0) #0.

In the first case we have Qq(y0) =0 because otherwise the polynomial (2)
with 2= Qo(y0) #0 would have the real linear factor y—y,. Hence we have
Q(x, ¥o) =0 identically in x and there is no contribution to the sum (3) with
¥ =Yo.

In the second case Q(x, yo) is a polynomial in x of some degree between 1
and d, and Lemma 1 yields
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X | 0@ y0) | = o) = o@).
|2l sH; Q(2,50)m0

LEMMA 4. Y o=O0(H*"),

~ Proof. For fixed yo with {30} >0, Q(x, o) is a polynomial in x of degree
n, and np21 together with Lemma 1 gives the bound O(log H) for the sum
over x. There are at most (2H™+1)m integers y, with 0< { yo} SH", and
Lemma 4 follows from H™ log H=0(H?*?).

LEMMA S. 251=0(H2") (j=1, Ty, I).

Proof. We have lQ(x, y)| P {y}"{xly}". Just as in (8), one can see that

2H+1
Z {y}""" S 2m 2 k™ = O(log H)
lylsH;{ylal k=1
and, for fixed y,
2H+1
2 x|yl s 2 3 k= 0(log B).
lzlsH;l=ly}al k=1

The lemma follows.
LEMMA 6. 2 _j2=O(H?*?) G=1,---,0.

Proof. This time we have |Q(x, ¥)| 2 {y}™{x|y}»= H™i-H-™i, There
are at most 27 integers x with {x|y{ <1 for given y. Therefore

E < 2n(2H + 1) H-meri-1inem;

J2
= o(E*")

according to (11).

4. Bounds for D_;. The domain H*i-1< {n} SHi(j=1,---,t—1)or the
domain H"*-1< {5} consists of at most 2m strips parallel to the x-axis. The
intersection of these strips with |£| SH, || <H consists of at most 2m
rectangles. The length of such a rectangle in the direction of the x-axis is
2H, the length in the direction of the y-axis at most 2mH" (j=1, - - -, t—1)
or 2mH. From now on, we keep j fixed, and R will be a fixed rectangle of the
type described above. We shall give bounds for the terms of ) ; where
(x, ) ER.

Write

ai(9) = (a:(y) + 2;(3))/2 A=s4jsnix)),

where o;(y) is defined in (13). The elementary symmetric polynomials of the
Ca.2 functions a;;(y) are polynomials in y of degree O(1), and therefore there
exists a polynomial R(x, y) of degree Cx,; in x and of total degree O(1) having
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R(aij(y),y) =0for 1 S4,j S<n,17jand yarbitrary. Put S(x, y) =Q(x, y) R(x, ¥).
Writing «f (y) for the real part of a;(y) we find

S(af(9),y) =0 G=1,---,m.

The real solutions of S(¢, %) =0 will form certain curves in the plane.
Their intersection with R* where R* is the rectangle containing R in which
the condition |£| S H is replaced by |¢| SH+1 will consist of a number of
curves of the type

(16) x=2(y), ¢=ysY,
where x’(y), /() exist and either
(16a) “'(y) 20
or
(16b) «'(y) £ 0,
and perhaps some line-segments of the type
17 y=¢, —-H—-1Z2z<H+1.
We denote the curves by Cy, - - -, C, and have ¢=0(1).
By N(C)) (I=1, - - -, q) denote the set of integral pairs (x, y) ER such

that for suitable ¢
&HNEGC, |z—¢| <HH

{x|y} <H—» implies |x—ai (y)| <H*i for some k (q<k=n). Hence
(x, ¥)ER together with {x]y}<H‘l‘f implies (x, y)EH(C)) for some
l(1=1£q), and we have

s X lownl

i3 l=1 (z,y)EN(Cy)

(18) .
= Z A(C)).

lm=l
LEMMA 7. A(Ci)=O(H?"3) if Cy is of the type (17).

Proof. For fixed y=c with {c} >0, Q(x, c) is a polynomial in x of degree ,
and np=1 together with Lemma 1 gives the bound O(log H).

From now on we shall assume C=C is of the type (16a). There are trivial
changes in the argument if C is of the type (16b). Construct the convex hull
of N(C) and in this convex hull consider the lattice-points (x, ¥) such that
(x—¢, ¥) is not in the hull if ¢>0. This set of lattice-points will be written
S(C), spine of C. S(C) is not necessarily contained in N(C).

LEMMA 8. The number of points of N(C) which are not in S(C) is O(H?'3).
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Proof. We may assume H is so large that 2H—*;<1. The points of S(C),
let us say (x1, 31),  * -, (%4, ¥5), can be ordered such that y; <y < + - - <¥,.
Any (x, ) EN(C) has y1 =y S7y,. We shall prove that the number of points of
N(C) not in S(C) with y; Sy =Sy, is at most

2(yi1 — y)H .

Since

o—1

2 (i1 = 3) S 2mHi
=1
and since v;—u;=2/3 according to (10), the lemma follows.

Write x=x,(y) (=1, - - -, g—1) for the equation of the line through
(%4, ¥:) and (%41, ¥i41). Obviously, x;=x:(¥:), #i11=%x:i(¥is1). We have x> x,(y)
for every (x, y) € N(C) which is not in S(C). As before, x =x(y) is the equation
of C. We find

19 x; > x(y;) — H* G=1,---,9),
x(y:) — xi(ys) < H-# G=1,---,g—-1),
and similarly
(20) 2(Yirr) — 2(yipr) < H4 G=1,---,g-1).
Using (19), (20) and (x(y) —x:())’' =0 we find
x(y) —xi(y) <H™ i if y: 2y = yinr G=1-:---,g—1).

Any (x, y) EN(C) with y; Sy =<7v.,1 has therefore
x < x(y) + H* < xi(y) + 2H#,

Thus we have to show that there are at most 2(y;41—7y;)H*/ lattice-points
in the parallelogram y; Sy =<y;;1, xi(y) <x <x;(y) +2H-*i, or at most 2bH—*4
lattice-points in the parallelogram

a
(21) 0Sysh —

a
Sy=s <z << — 2H#,
y 7 by+

where a =x;;1—%i, b=2Y:;1—¥:. a and b are relatively prime. Writing (¢) for
the difference between the smallest integer not smaller than { and { itself,
(21) can be rewritten

a
(22) 0<y<b 0< (T y) < 2H-w,

But the number of integral solutions of (22) is equal to the largest i;xteger
not exceeding 2bH*;.
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LEMMA 9. There are in S(C) at most
O(min (r'/3H?/3, H)
points having 0< | Q(x, )| .

Proof. We may assume 2dr < H, because otherwise min(r!/3H*/3, H) gives
the trivial estimate O(H). There are at most d collinear points with Q(x, ¥)
=k, k#0. Hence there are at most 2dr collinear points having 0<|Q(x, ¥)|
sr.

Write (x, ), - - -, (2, ) for the points of S(C) with 0 < | Q(x, 3|
<r, and assume yV < . - <y®_ Introduce the vectors

vi = (xGHD) — g yGHD _ 5©) (i=1,---,p—1).
Since the points of S(C) are on a convex polygon, it follows that vi=v.
implies v; = vy = -+ =vy:r and that the points (x¢, y®), ...,
((xts+¥+D | y(+¥+D) are collinear. Hence at most 2dr of the vectors v; can be
equal. We have

1
(23) > |vi| =6H+4,
=]

where |v| denotes the length of v.
Order the set of all the nonzero vectors w of R? with integral components

in such a way that
1= lel é |W2| ..o,

Apparently |wi| >7v13!/2(y1>0), and therefore
[wi| + -+ [ wi| > yaitr,
If p S2dr, then p <(2dr)'/3H*'3 and the lemma is true. Hence we may assume
p>2dr. Write p=2drs+u, where 0 Su <2dr.
lvi] + -+ |vp| Z28r(|wi| + -+ + | wi])
= 2dryss®? 2 vi(d)rgtr 32
= va(d)p?/2r12,
Using (23) we obtain %/%~1/2 = O(H), p = O(r'/*H?/3).
LeEMMma 10.

> | 0@ | = ou).

(z,9)ES(C)

Proof. Write a(r) for the number of points of S(C) with Q(x, y) =r. We
have to show that the (finite) sum

i " a(r) | 7|~ = O(H).

Pu—ad)
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(The prime indicates that the term 7 =0 is omitted.) Using partial summation
we find for N>H

2 o) r| = X () + a(=n)r

re—N

= Z( Z':' a(k)) "=+ + X a®)N+ 1)

rol \ kmeer k=N

H N
= 0( D r\AHNY e ST Hyoe 4 HN"')

reml re=H41
= O(H?* 4 H* + H'»)
= O(H*%).

Proof of Theorem 1. As explained in §2, it is sufficient to give bounds for
D00, 200 2ity Duises 2uis (J=1, - - -, £). Bounds for sums of the first four
types are given in §3. To estimate ) s, it is enough to estimate A(C;), as is
seen by (18). This is done in Lemmas 7 through 10.

REMARK. The crucial lemma of the proof is Lemma 10. Theorem 1 could
be improved if this lemma could be improved.

5. Proof of Theorem 2. The discriminant D(P) of a polynomial P is a

polynomial D(ao, a1, * - -, @,) in the coefficients of P.

LEMMA 11,

(i) D(ao, - -+, @u)=En"a} 'ax"'+ag"?Ras+ - - - +Ro, where R,
-+ -, Ro are polynomials in a,, as, - - * , Gn.

(ii) The total degree of D(ao, - - - , Gn) in a0 and aa is 2n—2, and the only
term of this degree is tn ay 'a} .

(iii) Dﬂ(a'o: * oty Gy O) = ia‘z-lDﬂ—l(ao: Tty a'»-l)-

(iV) D(aov ) aﬂ)=D(aM B a”)-

Proof. Using +a,D(P)=R(P, P’), where R(P, P’) is the resultant of P
and P’, and the determinant representation of R(P, P’) (see, for instance,
[8, §§29-31]; observe that we write P=g,x*+ - - - +a, while van der Waer-
den writes P=aex"+ - - - +a.), we find

1 an—-1 LR a; Qo
an Ap—-1 L ay Qo
v n— 1
Qn An-1 **° @1 Go
D(ao, .. .’an) = i
n (n—1)a,1 < a
na, n—1ap—1- -+ & . n
na, (m—1)an_y - - a
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(i) and (ii) follow immediately from this representation while (iii) follows
after a short computation using the determinant representation of
Da(ao, -+, an) is well as of Duy (@, - - -, Ga1).

To prove (iv) we have to show that D(P) = D(P) where P=a,(x—a) - - -
(x—as) and P=ao(x—aj") - - - (x—az?). Now

-1 y —(n—1)

DP) =a Il(e =) =TI (—adas Iles

] (77 gl
=TI (@ — @)as (au/a0)"  (=1)""™ = 62 T1 (e — @)
(=3} %)
= D(P).

LEMMA 12. Let n23. Keep ay, - * -, Gn-1 fixed and write
D(x) y) = D(xs ayy * 0y Gp-yy J’)-

Then

(@) D(x, y) = tnrxmty»14272Q, 5(3) + - - - +Qo(y).

(b) The total degree of D(x, y) is 2n—2 and only the term +nrx"~1y»=! has
this degree.

(c) D(x, y)—Fk has no linear factor if k0.

Proof. (a) and (b) follow from (i) and (ii) of the previous lemma. As for
(c), assume there would be some k70 such that D(x, y) —k had a linear fac-
tor. If x=az+B, y=73+06 were the parameter equation of this line, then we
had

f(&) = D(az+B,v2+8) =k 0

identically in .

If ay>0, then f(3) is a polynomial of degree 2#—2 according to (b), a
contradiction. Hence either @ =0 or y =0, and because of (iv) we may assume
v=0. We have D(g, §) =k50 identically in g, which is conceivable only with
6=0, according to (a). Hence D(z, 0)=k0. Using (iii) and applying (i) to
D,_; we find

0= k= D(30) = + a:_gD,._l(z, G, ¢ty Gne)
=t (= 1) 6+ S(),
where S(2) is of degree Sn—3. But k>0 implies a,—170 and D(g, 0) is there-
fore a polynomial of degree n—2>0, and we reach a contradiction.
Proof of Theorem 2. Lemma 12 enables us to apply Theorem 1 on D(x, ¥)
and we obtain
p>) | D)= 2 - X 2 | D(=, 5) |~
P;H(P)sH;D(P)x0 la|sH lan—11sH |z|sH,|\ylsH;D(z,y)0

= o(m~11).



210 W. M. SCHMIDT

6. The conjecture of Mahler.

LEMMA 13. Suppose o is a number such that the sum

©

P>

Hw=1 { P;H(P)=H;D (P)yu0

H-%on | D(P) I-m}

is convergent. Then 0,(5) S1+0 almost everywhere.

Proof. This lemma follows from the argument on pages 448—449 of [3].
Proof of Theorem 3. Assume that (6) holds for some r and put ¢=oc,
= (r—2)n"14¢ for some ¢>0. Using partial summation we find

>{ ¥ geeloe

He=l \ P;H(P)=H;D(P)pud
N
= 0[ Z { E H—:—ul D(P) |—1/2}

H=1 \ P;H(P)sH;D(P)#0
2 e N I P To]

P;H(P)sN;D(P)u0

N
= 0( Z H-vontr | N—a-cu-;-r)

He=1

=0 (1).

Hence Lemma 13 yields 6,(¢) =140, almost everywhere. Since ¢>0 was
arbitrary, we obtain 0.(¢) S1+ (7 —2)n~! almost everywhere.
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